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But W is also less than the sum of the prisms in P': which is impossible.
Therefore W is not less than P'.
II. Suppose                    W > P'.
We have, inversely, R:B= W:P
= P': V, where V is some solid less than P.
But this can be proved impossible, exactly as in Part I. Therefore W is neither greater nor less than P', so that
J3:J?'=P:P'.
We shall see, when we come to Archimedes, that he extended this method of exhaustion. Instead of merely taking the one approximation, from underneath as it were, by constructing successive figures within the figure to be measured and so exhausting it, he combines with this an approximation from outside. He takes sets both of inscribed and circumscribed figures, approaching from both sides the figure to be measured, and, as it were, compresses them into one, so that they coincide as nearly as we please with one another and with the curvilinear figure itself. The two parts of the proof are accordingly separate in Archimedes, and the second is not merely a reduction to the first.
The object of Book XIII is to construct, and to ' comprehend in a sphere', each of the five regular solids, the pyramid (Prop. 13), the octahedron (Prop. 14), the cube (Prop. 15), the icosahedron (Prop. 16) and the dodecahedron (Prop. 17); ' comprehending in a sphere' means the construction of the circumscribing sphere, which involves the determination of the relation of a ' side' (i. e. edge) of the solid to the radius of the sphere; in the case of the first three solids the relation is actually determined, while in the case of the icosahedron the side of the figure is shown to be the irrational straight line called 'minor-, and in the case of the dodecahedron an 'apotome*. The propositions at the beginning of the Book are preliminary. Propositions 1-6 are theorems about straight lines cut in extreme and mean ratio, Propositions 7, 8 relate to pentagons, and Proposition 8 proves that, if, in a regular pentagon, two diagonals (straight lines joining angular points